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CYCLIC GALOIS EXTENSIONS
AND NORMAL BASES

C. GREITHER

ABSTRACT. A Kummer theory is presented which does not need roots of unity
in the ground ring. For R commutative with p_l € R we study the group
of cyclic Galois extensions of fixed degree p” in detail. Our theory is well
suited for dealing with cyclic p”-extensions of a number field K which are
unramified outside p. We then consider the group Gal(@’K[p_'], Cpn) of

all such extensions, and its subgroup NB(@'K[p-l], Cpn) of extensions with
integral normal basis outside p. For the size of the latter we get a simple
asymptotic formula (n — o0), and the discrepancy between the two groups is
in some way measured by the defect J in Leopoldt’s conjecture.

INTRODUCTION

This work begins with a general study of Galois extensions of a commutative
ring R with finite abelian Galois group G (Part I). The results are applicable in
a number-theoretical setting (Part IT) and give theorems concerning the existence
of p’-integral normal bases in Cpn-extensions and Zp-extensions of an arbitrary

number field K. (Here p is an odd prime , Cpn 1s the cyclic group of order

p", and “p’-integral” means “integral outside places over p ”.)

Let us start by describing the general situation. Let R be a commutative
ring with 1 and G a finite abelian group. We study the finite abelian group
Gal(R, G) which consists of the (isomorphism classes of) G-Galois ring exten-
sions of R. (Such extensions were defined by Chase, Harrison, and Rosenberg
[4]. The group structure on Gal(R, G) is due to Harrison [13] and goes back
to Hasse [14] for the case R = K a field. In that case, the basic idea is to admit
some nonfields (Galois algebras) in order to form Gal(K, G).)

The principal link between general Galois theory of rings and number theory
is the study of ramification. Let L be a G-Galois field extension of the number
field K, X a set of finite places of K, and R the ring of Z-integers in K .
Then the integral closure S of R in L is a G-Galois extension of R if and
only if L/K is unramified at all finite places outside X (see [4, Remark 1.5d]).
In particular, &, is Galois over @, iff L/K is unramified except at infinity.
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It is well known [13] that the functor Gal(R, G) commutes with finite prod-
ucts in the second variable, so we will henceforth restrict our attention to cyclic
groups G of prime power order, as is usual. There are several results in the lit-
erature on the structure of Gal(R, G) and the related group NB(R, G) which
consists of those G-Galois extensions of R which have a normal basis over R.
We refer to [10, 11, 12, 17], and in particular to [18] where it is shown that
for p' € R and p odd, NB(R, Cpn) is isomorphic to a certain subquotient
of R[C,.]".

Part I of this paper gives a structure theory of C pn-extensions of an arbitrary
connected ring R in which the odd prime p is invertible. As before, let Cpn
be the cyclic group of order p” with generator ¢. The method is “Kummer
theory plus Galois descent”. First recall Kummer theory for commutative rings
(Borevich [2]): If G is cyclic of order m and R contains both m~' and a
root {, of the mth cyclotomic polynomial, then there is a short exact sequence
(which depends on the choice of a generator ¢ for G):

1 - R*/R™ L Gal(R, G) %> m-torsion(Pic(R)) — 1.

Now we let m = p" and define S, as “the” connected Galois extension of R
which is obtained by adjoining the primitive p”th root of unity ¢ " (this will be
made precise). The Galois group G, of S, over R comes with an embedding
1:G, — (Z/p"Z)" (where t(y) = g +p"Z if y({) = (¥). Starting from the
obvious G, -actions, one can define certain twisted actions of G, on S modulo
p"th powers, and on the p”-torsion of Pic(S,). (In number theory, this is
precisely the Tate twist ---(—1).) We obtain in §2 (denoting fixed elements
under the twisted action by an exponent -- 16, ):

(1) a canonical homomorphism j,: NB(R, Cpn) — (S; /S;P")!Gn with
Ker(j,) and Coker(j,) finite cyclic of the same order ged(p”, IG,I).

The existence of j, implies that NB(R, C ,») has the same cardinality as the

group (S; /S;” ")’G" , so one is led to ask whether these two groups are isomor-
phic. The answer is yes (see [8]), but we do not need this here since we will
only deal with the cardinalities in Part II.

Second, we obtain

(2) a canonical isomorphism

Gal(R, C,)/NB(R, C,») — (p"-torsion(Pic(S,,)))"" .

Two remarks about the proofs: (i) Property (1) is first proved with NB
replaced by an auxiliary group Gal,, and then we show Gal, = NB in §3. (ii)
Some of the new proofs in Part I would simplify if one were only interested in
rings R which are Z-integers in a number field K (see above).

In Part II we demonstrate that one can actually calculate the cardinality of
NB(R, C ) for R an appropriate subring of a number field, using the results
of the first part. The starting point is the following: If L/K is a G-Galois
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extension of number fields, then ﬁL[p_” is G-Galois over @’K[p_'] exactly
if L/K is unramified at all finite places not dividing p (see above). This,
combined with the fact that any Zp-extension of K is unramified outside p,

suggests we choose R = @’K[p"” and study Gal(R, Cpn) for all n. We show

in §1 that the order of Gal(R, C,») grows like a constant times ") where
¢(K) is the number of independent Z -extensions of K. One of our main
results (§3) is: If p # 2, then the order of NB(R, C,») grows like a constant

times p" """ where r, is the number of complex places of K as usual.

This sheds a new light on Leopoldt’s conjecture which predicts that ¢(K) =
r, + 1. To wit: Leopoldt’s conjecture holds for K and p # 2 if and only if
|Gal(R, C»)/NB(R, C.n)]| is bounded. Next, we consider Zp-extensions of R

and show (§4) that the group NB(R, Zp) is isomorphic to Z;?H . This has been
previously proved by I. Kersten and J. Michalicek [19, 20] for K totally real
or a CM field. At the end of §4, we make some remarks about the index of
NB(R, Z,) in Gal(R, Z,).

The transition from Cpn-extensions to Zp-extensions, natural as it is, presents
technical problems. We need Iwasawa’s results on the structure of p-class groups
in (cyclotomic) Zp-extensions. In order to make the presentation in §4 tauter, we
postpone some “complicated trivialities” about projective systems, and another
calculation we need, to a final section, §5.

Acknowledgment. 1 am grateful to 1. Kersten who showed me (among other
improvements) a considerable simplification of the proof of Theorem 114.6. 1
also should like to thank the referee for his useful remarks on the presentation.

A word on terminology. All rings and algebras will be commutative, with unit
element. Gal(R, G) denotes always the set of isomorphism classes of Galois
extensions of the ring R with the finite group G in the sense of [4], which is our
standard reference. NB(R, G) denotes the subset of isomorphism classes of
extensions which possess a normal basis. The letter p denotes a prime number,
and it will always be said whether p = 2 is excluded or not.

This paper is a slightly shortened version of the first two chapters of the
author’s Habilitationsschrift [8]. Most of the results were announced in [9].

PART I. GENERAL THEORY OF Cpn-EXTENSIONS

1. TWISTED ACTIONS

This section contains definitions and auxiliary results, used in the sequel.
Let p be an odd prime, n € N, and G a finite cyclic group with generator
y and a fixed embedding
t:G— (Z/p"Z)".

For any G-module M with p" - M = 0 one can define a twisted action of G
on M by

Sxx=18)"-0(x), xeM, deG.
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We call this the f-action. In [6] it is called Stickelberger action. (If G is a
quotient group of the absolute Galois group of @ such that ¢ is the cyclotomic
character, (M, ) is also denoted M (—1) and called a Tate twist.)

Motivating example. G is the Galois group G(K (Cpn) /K), where K is a field,
and ¢ is defined by 8((,.) = (()® forall 6 € G. M is defined as

K(,)'/K (Cpn)*” " (The importance of this example will become clear in §2,
when Kummer theory is introduced.)

Definition. The ith cohomology group of M with the ¢-action of G is denoted
H (G, M).
The group of fixed elements of M under the ¢-action of G is denoted M <

Lemma 1.1. (a) If n > 2 and g € Z is such that g € (Z/p"Z)" has order m
with p\m, then g € (Z/p""'Z))* has order pm. (For p =2, the same holds
if g=1mod4.)

) If n>2 and g € 7 is such that g € (Z/p"Z)" has order m with

plm, then p does not divide (g" — 1)/p". (For p = 2, the same holds if
g=1mod4.)
Proof. (a) This is [6, Lemma 2.1]. For the reader’s convenience, we indicate
the argument: Let H be the subgroup of (Z/p"Z)" generated by the residue
class of g, and H' be the subgroup of ((Z/p"HZ))* generated by the residue
class of g. Then one has a group epimorphism f: H — H, and we have to
show Ker(f) has p elements. We have Ker(f) = h' N W, where W is the
p-element subgroup of ((Z/p"*'Z))" generated by 1+ p" . Since ((Z/p"*'Z))*
is cyclic and p divides |H'|, we must have W c H', hence Ker(f) = w. An
obvious modification gives the statement for the case p = 2.

(b) We have g” = 1+up” with u € Z. By (a), the power g” is incongruent
to 1 modulo p"*', ie., p does not divide u. O

We define for every abelian group M :
T (M)={xe Mp"x =0}, T"(M)=M/p"M.

n
Proposition 1.2. Suppose 0 — M, — M — M, — 0 is an exact sequence of
G-modules and M, has no Z-torsion. Then the sequence

0— Tn(Ml)’G—-' Tn(M)tG R Tn(Mz)lG—>0

is again exact. (Note that in general the twisted action of G is defined only on
M/p"M = T"(M) and not on M itself.) (For p = 2, the proposition also holds
if tGC{a+2"Z|a=1mod4}.)

Proof. The sequence remains exact under application of T" since

TorZ(Z/p"Z, M,)

is zero. We only have to show that the induced map
n: T (M) — T"(M,)

tG
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is onto. Recall that y is a generator of G. Let x € M, and #(y) = g +
p"Z. Then x +p"M, € T"(M,)' exactly if gx = y(x) mod p"M,, exactly if
(g-7)x € p"M2 . (M, is amodule over the group ring ZG in the obvious way.)
Now let m = |G| = order of g +p"Z in (Z/p"Z)", and let u=(g" - 1)/p".

First Case: p|m. Then u is prime to p by 1.1(b). In ZG we have

m—1
o
u-p"=g'"—1=(g—y)-(§ g " ’)-
j=0

Let p = E;:)' g’ 7"/ € ZG. Then we may continue: (g —7)-x € p"M,
implies (g—y)-u-x € up"M2 . This in turn implies (g —y)ux =(g—7)-p-y
for some y € M,. Now multiplication with up" is injective on M, . Hence
multiplication with g — y is also injective, and our last equation yields u-x €
pM,. Hence u-x can be lifted to z € pM, and since (g —7)-p-M =
u-p"M C p"M, the residue class of z is in T"(M)'°. So we have found
a preimage of u-x + p"Mz, and we are done since multiplication with u is

bijective on 7" (M,).

Second case: m is prime to p. Then the functor (—)’G 1S exact on p-primary
G-modules, since H,'(G, M) 1is zero for every p-primary G-module M, .

(Reason: H,'(G, M) is simultaneously m-torsion and p-primary, hence zero.)
Therefore 1.2 holds also in this case. O

2. KUMMER THEORY AND DESCENT

In this section, p denotes an odd prime unless otherwise stated. Let Cpn be

the cyclic group of order p”" with generator o .

We start by recalling the main result of Kummer theory [2]: If S is a ring
which contains p‘1 and a root ¢ of the p"th cyclotomic polynomial Cbp" , then
there is an exact sequence (depending on the choice of { and of a generator o
of C):

(K) 1 - T"(S") 5 Gal(S, C,») = T,,(Pic(S)) — 0.

(Recall the notation of §1: 7"(S*) = §*/S™" and T"(Pic(S)) is the p"-torsion
in Pic(S).) We have (square brackets denote isomorphism classes)
i(x-S™) = [(SITIT" —x),0(T)=(-T)],
n([A]) = [{y € Alo(y) = {-y}], for A a C .-extension of S.

Now suppose that R is a connected ring with p~ ' € R. Since the discrim-
inant of (Dpn is plus or minus a power of p, by [16, 1.1, 2.2] there exists for
every n € N a connected over-ring S, O R which is Galois over R and con-
tains a root { ={ of (Dp,, . By [16, 2.5, 2.6] we may choose S, such that it is
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generated by . In this case, S, is G,-Galois over R where G, is an abelian
group, which comes with a natural embedding ¢: G, — (z/p"Z)*, 6(8) = C'(‘s) .
Let y, (=7 for short) be a fixed generator of G, (such exists, since (Z/ p"7)"
is cyclic as p # 2), and pick g € Z such that

g+p"Z=1().

Note that g is a primitive root modulo p" if and only if G| = o(p").

We have certain canonical operations: The group G, operates on
Gal(S, , C,») via the first argument, i.e.: For 6 € G, and [4] € Gal(S,, Cpr),
let d[A4] = [;4], defining ;4 to be equal to 4 as a ring and Cpn-set, but

declaring that s times a € ;4 is equal to 6"1(s)-a for s € S, . Similarly, G,
operates on Pic(S,) by d[P] = [;P]. Finally, G, operates canonically (as a
Galois group) on S , hence on T"(S)).

Lemma 2.1. With the canonical action of G, on Gal(S,, C,»), and with the t-

action on the outer terms T" (S; ) and T,(Pic(S,)), the Kummer sequence (K) is
G, -equivariant. In number-theoretic terminology: We have an exact G, -sequence

L — T"(S})(~1) — Gal(S,, C,r) — T,,(Pic(S,))(~1) — 1.
Proof. Let ¢ =p" and x € S, . Then i(x -S;”") =[4,], where A, is defined
as (S,[T1/(T* —x), o(T) ={-T). By definition,
,(4,) = («,(Sn[T]/(Tq -x)), o(T)=¢-T).

Letting # denote the scalar multiplication of 7(Ax) , we obtain

(A, = (ST = x)), o(T) = {5 #T) since y~' (%) =¢
= (,(S,[Z21/(Z° - x")), 0(Z) =(#Z) setting Z =T with
g-r=1modp"
> ((S,[12'1/(Z2" - y(x"))), 02"y =¢-Z') viay:S,—S,and Z — Z'
= A*/(X’)'
Therefore y(i(x)) = i(y * x), hence i is a G,-homomorphism. The equi-

variance of 7 is proved similarly: We evaluate n([yA]) =[{y € yA|a(y) =
(#y}1=[{y € 4|lo(y) = {"y}]. From Kummer theory one knows that

{(yedloy)=C -y} ={yedaoly) = C-y}®x canonically for all s € N,

hence {y € 7A|a(y) ={#y} = {y € Alo(y) = C~y}®r. This is even an §,-
isomorphism if we let S, operate via v~ on the right-hand side, too. We
therefore obtain

e Aloy) =¥y} (yedlop) =1,

which shows that n(y[4]) = n([,/A]) =y.n([4]). O
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Next, we consider the canonical map
j: Gal(R, Cpn) — Gal(S,, Cp),
J([A]) =[S, 8 A].
From now on, we shall abuse notation and write 4 for [A4], etc.

Lemma 2.2. The map j is a group homomorphism and Im(j) is contained in
the subgroup Gal(S, , Cpn)G" of fixed elements under G, .

Proof. The first statement is well known. Let 4 € Gal(R, Cpn) . Then the map
0®id,: 45,8z 4) = S, ® 4 is an S, -isomorphism for all 6 € G,. Hence
J(A4) is fixed under G,. O

The Kummer sequence (K) gives also a sequence whose middle term is
Gal(R, Cp,.). More precisely, let
Galy(R, C,») =/~ (Im(i)),  Jjo = jlGaly(R, C,»),
P(R, C,») = Gal(R, C,n)/ Galy(R, C»).

Then we have a diagram with exact rows and columns:

Ker( jo) = Ker(j)
n N
1 - GalO(R,Cpn) - Gal(R,Cpn) - P(R,Cpn) - 1
Jol il 1
I - TS - GalS,,Cn)% - T,(Pic(S,))""
l

Coker(j,) - Coker(j)

We shall determine kernel and cokernel of the homomorphisms j and j,.
The results are:

Theorem 2.3. Let R and S, be as above. In particular, let R be connected.
Then Ker(j) and Coker(j) are both cyclic of order ged(p", |G, |).

Theorem 2.4. The same assertion as in Theorem 2.3 holds for j, instead of j.
Hence Coker(j,) = Coker(j) canonically (see diagram). Moreover, Coker(j,)

is canonically isomorphic to a quotient of p,(S,) = {s €S,)] & = 1}.

Remarks. (a) For R a field, p # char(R), the assertion about Coker(j,) was
proved by Childs in [6].

(b) For n = 1 the theorems say that j and j, are isomorphisms (note
ged(p,p—1)=1).

Both Theorems 2.3 and 2.4 can be proved in two different ways: by a cohomo-
logical argument, and by explicit descent theory. Either method has advantages
(and some drawbacks), and we decided to present both: the former for 2.3
and the latter for 2.4, since we need explicit descent anyway in §3, while the
cohomological argument is elegant and straightforward (given the existence of
separable closures which is, for general rings, a theorem of Janusz [16]).
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Proof of Theorem 2.3. Let Q be a separable closure of R, and I" be the (profi-
nite) Galois group of Q over R. By [12, Theorem 4 and remark “This is
true...” on p. 10], there is a natural isomorphism ¢ = or. ¢ Gal(R, G) =
Hom(I", G) for every abelian group G (all homomorphisms and cochains on
I' are supposed to be continuous, of course). For the reader’s convenience
we recall the construction of ¢, or rather of ¢~' since this is easier: For
any f:T — G, one lets ¢~ '(f) = Gal(R, f)(Q). (Since Q is a I'-extension
only in the profinite sense, one might replace Q by QX and let ¢~!(f) =
Gal(R, f)(QX")) ) In particular, if f is onto, ¢~ (f) is just Q%) with
G operating via [~

Now let I, C I" be the fixed group of S, (see above; we may and shall sup-
pose S, C Q). Then Q is also the separable closure of S, , and j: Gal(R, G)
— Gal(S,, G) corresponds to the restriction res: Hom(I', G) - Hom(T',, G).
Moreover I'/T’, = G, , and the operation of G, on Gal(S,, G) is easily trans-
lated: For §, c S C Q, §/S, G-Galois, one has 7S ~y(S)cQ forall yeT,
hence if ¢(S)=h:T, — G, then ¢(,S) = h, with “h(B) = yh(y™'B). Note
that obviously "h=h for yeT,.

After these preparations, let us set C = Cpn and replace Gal(R, C) by
Hom(T', C), and also Gal(S,, C) by Hom(I',, C). In doing so, we replace
J by res: Hom(I', C) — Hom(I',, C). We write all Hom groups as H',
agreeing that I" operates trivially on C. Moreover we embed “res” in an exact
sequence:

1 —H'(T,,C)— H (I“,C)—»Hl(Fn,C)

inf,

— HY(T/T,, C) _AH(F C).

Here ¢ is the connection or transgression (see [23, XI 10.6]). It is easy in our
case to give the definition of ¢: Pick a left transversal {f |t € I'/T,} of T,
in T'. Define for every f € H'(T,, C) = Hom(T',, C) and 7,9 € I'/T,
t(f)m9 = /31130/3;0' . Then ¢(f) defines a 2-cohomology class in HZ(I'/I"n, C
which is trivial if and only if f extends to I'.

We finally show that inf, is trivial. It will clearly suffice if the map inf,

F/F C)— H* ('/T,,, C) is trivial for some m > n (note I', T, ). By

Lemma 2.7 below, there is an index m such that p" divides (r,:T,l. By
Lemma 2.3.1, inf,  will be trivial.

Lemma 2.3.1. If p"|[T, : T,,1, then inf, ,: H(I/T,, C) — H*(I/T,,, C) is
trivial.

Proof. HZ(G, C) =~ Ext}Z(G, C) canonically, whenever G is finite cyclic and
acts trivially on C, and inf in our case corresponds to the natural map from
Exy(I'/T",, C) to Ex(I'/T",,, C) induced by pulling back. We take an extension
0-C—E—-TI/T, =0 and let 0-C—E — I'/T,, — 0 be the pulled-
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back extension. Take a preimage y € E' of a generator of I'/T',, and let
y = image of ' in I'/T,. We have that y'r/r"' = c € C. It follows that
Yl = eMw/Tnl =1 since p" divides |T',/T, | and C = C,», hence the
pulled-back extension splits. O

This shows that Ker(j) = H'(G,, C) and
Coker(j) = H*(G,, C) = H(G,, C).

Since G, is cyclic and C is finite, the Herbrand quotient (h° /hl)(Gn, C) is
1, hence Ker(j) and Coker(j) have the same order gcd(p”, |G,|). Both are
cyclic because C is cyclic. This proves Theorem 2.3. O

Remarks. (a) At the end of the paper [6] there is a short indication of a coho-
mological argument. Our procedure here is both simpler and more general.

(b) For the (hitherto excluded) case p = 2 one gets by the same method: If
all G,, are cyclic, then Theorem 2.3 is still true for all n.

Proof of Theorem 2.4. Since S, is connected by construction, [13, Theorem 6]
can be applied and gives Ker(j;) = Ker(j) = Hom(G,,, Cpn) which is indeed
cyclic of order ged(p”, |G,l). (Or else, see the argument for the kernel given
in the previous proof.)

The essential point is the determination of Coker(j,). By [16, 2.5] we know
that oy (S,) is generated by { because S, is connected. Let m = |G | and
e=¢, = p"/gcd(p”, m). (One can show that the sequence (e,) is eventually
constant.)

Claim. There exists an exact sequence

G, o Hpr (S,)
(5,

Proof of the claim. We recall Galois descent theory (see, e.g., [21]). Let M be

some algebraic structure (module, algebra, etc.) over S, . Then M = §, @, N
for some R-structure of the same kind if and only if:

there exists a descent datum (¢z)sc; on M, ie. ¢; €
Autp(M), ¢, is d-linear (forall x e M, s€ S, : ps(s-x) =
6(s)-ps(x)), and ¢z0, = ¢;, forall 6,e€G,.

— 1.

Galy(R, Cpp) 22 T'(S))

Since G, = (), it is enough to consider only the single automorphism ¢ = 9,
where ¢ is y-linear and satisfies ¢p” = id,,. For R a field, the following
construction was found independently by Childs (see [6]). We talk now about
the algebraic structure “algebra with C pn-action by algebra automorphisms”. By
faithfully flat descent, such a structure 4 over R is Galois over R if and only
if §, ®, A is Galois over S, . (Note that S, is Galois, hence faithfully flat
over R.)

Let us take [x] € T'S; )G A /S;”" (we denote residues mod S;"" by
[ 1), and let us try to find a descent datum ¢ € Autp(A4,). There will be an
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obstruction to the finding of ¢, which we call d([x]). The fact that [x] is
fixed under the t-action of G, means

(1) There is u € S, with y(x) =x?- W
Now suppose ¢ isin Aut(4,),is y-linear, and commutes with the Galois action
0. From y({) = {® one easily infers that ¢(7) has the form v -T* for some
v eS,. (Recall 4, = S, [T]/(T* T x).) If we define ¢ by the assignment
T~ v-T* and y-linearity, then we obtain from (1):

(2) ¢ is an algebra automorphism & v” =’ & v = {'u for some i.
The map ¢ then is a descent datum precisely if ¢ =id, i.e., " (T)=T.
We calculate:

o'(T) = p(v-T%) = 3(v) -v* - T¥ ,
2 3

0’(T) = 7*(v) - y(0*) - 0% -

2 m—2 m—1 m

0T =" W)y T wE) 0 ) T

or in symbolic exponential notation (exponents in ZG, )
m m—1 . 1—i
=0T, wherec, = Yog oy
j=0

Let z=¢"(T)/T. Since g" =1modp”", z isaunitof S, .

Lemma. 2" =1.

Proof of the Lemma. Write ¢ = p”. Recall T? = x, and by definition z =
T8y . Tt follows that z°" = xgmm‘l P Now use v* = u
x78.y(x) = x87 sowe get 22 = x% "' xT8 % = || since it follows
from the definition of ¢, that (-g+7y)-c, =-g" +7"=-g" +1.

Remark. We have shown that ¢ is a descent datum if and only if z equals 1.
Definition. Let d([x]) be the class of z in u,.(S,)/u, (S,).

It has to be checked that d is well defined. There are two choices involved
in its definition: one may, first, replace x by x-w? for s € S; . Second, one
may keep x but change v by some power of {. Let us first examine the effect
of the latter change. One sees that changing v to v{ changes z by the factor
= (8 I)'" =(¢8 I)’". Since g is prime to p", this is a primitive e, th root
of unity by definition of e, , whence z does not change modulo u e (S,). Now

imagine that we changed x to x’ = x-w?. Then u changesto u' = u-y(w)/w?,
and by the above argument we may choose v’ as we like, as long as v'? = /7.
If we take v’ = v - y(w)/w?, then the resulting z’' equals z (easy check).
Now we can prove the exactness of the sequence in our claim. Once 0
is well defined, it is obviously a homomorphism. If [x] € Im(j,), then A4,
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is descendable, i.e., some descent datum ¢ must exist and satisfy ¢” = id.
Hence z can be chosen 1, and d([x]) is trivial. On the other hand, if d([x])
is trivial, then z (as constructed above for some choice of v ) is an e, th root

of unity. Hence it is a power of (% m . We may change v by the same power
of ¢ ~!' and by the above verification that & was well defined, z will change
to 1. Therefore the new v gives a descent datum.

d is surjective: Take x = {. We have y(x) = x¥, which shows that [x]
is contained in T”(S; )’G" . We can take ¥ = v = 1 and obtain directly that
z =€ V" (see the proof of the lemma above). If n > 2, Lemma 1.1(b)
shows that z is a primitive p”th root of unity, hence 8 is onto. If n = 1, then
m is prime to p since it divides p — 1 = |(Z/p"Z)|, hence we get e = e, =p,
and the range ,up(Sn) /u,(S,) of 0 is trivial, so there is nothing to prove. This
finishes the proof of the claim, and Theorem 2.4 follows. O

Corollary 2.5. The groups Galy(R, C,.) and T"(S, )r have the same order
(which may be infinite in general). Likewise |Gal(R, C..)| = |Gal(S,,, Cpn)G"|.
In the case p =2, this remains correct if all G, are cyclic.

Proof. This is clear from Theorems 2.3 and 2.4. O

As remarked in the Introduction, one can even prove that Galy(R, Cpn)
and T"(S;)’G" are isomorphic as groups. In the same vein, Gal(R, C,r) and

Gal(s, , Cpn)’G" are also isomorphic. The isomorphisms are not canonical. For
details, see [8].

Remark. All results in this section remain valid if one lets p = 2 and supposes
that for all n, #(G,) is contained in the image of 1+ 4Z in Z/2"7. This
happens exactly if R contains i (a square root of —1).

We conclude this section with some remarks on the extension S, /R and the
groups G, .
Definition. The characteristic number ¢ = ¢5 of R is the supremum of all

d € N such that S| contains a root of the cyclotomic polynomial ¢ - (e=00
may happen.)

Example. ¢ =1 if R is Z[p"].
Lemma 2.6. The extension S, /R is unique in the following sense: If T/R is
connected, T'-Galois for some abelian group T", and contains a root n of <I>pn

such that t: T — (Z/p"Z)" with y(n) = """ for all y € T is injective, then
I'= G, canonically, and S, is G, -isomorphicto T .
In particular, the definition of ¢ does not depend on the choice of S, .

Proof. First we show T is generated by 1. All powers of n with exponent
prime to p are roots of (Dpn , and all roots of d)pn are primitive p"th roots of
unity. By [16, 2.5], all roots of CDp,, in T are powers of n. Hence one may
apply [16, 2.6] and obtain that R[] is Galois over R. Its Galois group is a
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factor group of I', but by hypothesis all y € I' are determined by their effect
on 7, hence the Galois group of R[n] over R is exactly I', i.e., T = R[#n].
Exactly in the same way one shows S, = R[(].

By [16, pp. 463-464] R has a separable closure  and both S, and T are
embeddable in Q. Let D and E be isomorphic images of S, , resp. T, in
Q. Then D and E are generated by the respective images of { and 7. But
there are only (p — l)p"'1 primitive p”th roots of unity in Q [16, 2.5]. Hence
n={_" for some i prime to p,so D = E. From this everything follows. O

4

Lemma 2.7. For n>¢, S, has rank p"~

Proof. The second statement is clear. The rank of S, , over S, is 1 or p,
since §,,, is obtained from §, by adjoining a pth root, and all pth roots
of unity are already in S, . Therefore certainly S, , has rank p over S,.

e+1
We must show that the following is impossible: S, #S,,, but S, , =S, ,.

n+1

If this were the case, then |G(S,_,/S,)| = p, whence the group #(G(S,,,/S,))

n+l)

over §,. For n<g¢, §,=S,.

would be the subgroup of (Z/ p"+2Z)* which is generated by (1 +p . Hence
the restriction G(S,,,/S,) — G(S,,,/S,) would be trivial. This restriction,
however, is onto by the main theorem of Galois theory [S]. Hence G(S,,,/S,) =
1, a contradiction. O

3. PROOF OF Galy(R, C,») = NB(R, C,)

As usual, R is supposed connected with p_1 € R, p an odd prime. Let S,
be a connected G,-Galois extension of R which contains a primitive p"th root
Cpn , as in §2. Also in §2 (after 2.2), we constructed a short exact sequence

1 - Galy(R, C,») — Gal(R, C,n) » P(R, Cpn) — 1.
Note P(R, C pn) was defined by this sequence. In §4 we will be concerned with

P(R,Cp). In this section, we will show that Galy(RC,.) consists precisely of
the Cpn-extensions of R which have a normal basis.

Theorem 3.1. With the notation of §2, we have
Galy(R, C,») = NB(R, Cpn).

Proof. “>”: By definition of Gal;, we have to show that for arbitrary 4 in
the group NB(R, Cp,.) , J(4) =S, ® A4 is in the image of / in the Kummer
sequence (K) (beginning of §2). We show instead that it is in the kernel of
n: Gal(R, Cpn) — T,(Pic(S,)). Recall n(B) was defined to be the (class of
the) invertible S, -module {z € Blg(z) = (.- z}. Now B =S, ®, 4 has a
normal basis by hypothesis, so B and Sn[Cpn] are isomorphic modules over
the group ring §,[C.]. Therefore n(B) is isomorphic to

{x €S, [Cpllo-x = ¢-x},

and one sees that the latter is free cyclic over S, with generator 1+ (- o'+

g4 407 6" g=p". Hence n(B) = n(j(A)) is trivial.
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“C 7 This is more difficult. Let 4 € Gal(R, C») such that B=S,® 4 is
in Im(i), i.e., there exists x € S, such that

B (S,IT(T” - x),a(T)={-T) (with { =),

Recall that the right-hand side is denoted 4, . We also know that B carries
a descent datum, i.e., a Cpn-equivariant R-automorphism ¢ of B with order
m = |G,| which is y-linear (¢(sz) = y(s)p(z) forall s € S,, z € B). As
earlier, y is a fixed generator of G, . A4 is exactly the algebra of fixed elements
under ¢ . By descent theory, an element z € A gives a normal basis of 4 over
R if and only if 1 ® z (written also z by abuse of notation) gives a normal
basis of B over S, .

The idea of proof is now: Via B = 4, consider ¢ as a descent datum on
A, . Determine all normal bases of 4, show that at least one of them is fixed
by ¢, i.e., descends and gives a normal basis over R.

-1 _
Lemma 3.2. Let g =p" and z=Y!  a;- T € A, a, €S, . Then z givesa
normal basis (i.e., the elements o(z), a € C,., are an S, -basis of A, ) if and

only ifall a; are units in S, .

Proof. {1, T, ... ,Tq_l} isan S, -basis of 4 . Therefore z defines a normal
basis if and only if the matrix

a 4 ‘Tq-l
Y a, C.al Cq_ .aq—l
_ 1y
a, Cq lal c(q 1) 'aq—l
which is the coefficient matrix of (z, 6(z), ..., 6?7 '(z))7, is invertible. But
we have M =V -diag(a,, ..., aq_l) with
1 ¢ .ot
V=]|- . .
1ot C(q—nz

a Vandermonde matrix. Therefore det(V) = + 1'[0 <icj< q(C - Cj ), and this is

already a unitin S, because a power of Ci —Cj is associated to p in Z[{] for all
i<j<g,and p isaunitin R. Hence M is invertible iff diag(q, ..., aq_l)
is invertible. O

Now we give the proof of 3.1.

Definition. Let U c I = {0,1,2, ...,q_'} be a subset and let y =
Z;’;o' ai-T' € A, with a; € §,. We say that y covers U if a; = 0 for i
notin U and a; is a unit for / in U.
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Lemma 3.3. (a) If U NU, =@ and y, covers U, (i =1,2), then y, +y,
covers U, U U,.
(b) v defines a normal basis of A, over S, ifand only if y covers I.

Proof. (a) is trivial. (b) follows from Lemma 3.2. O

Let G, operate on I via t:d(i) =res(¢(d)-i) for iel, 6 €G,. By 3.3
it suffices to show: For every G -orbit U C I = Z/p"Z, there exists y = Yu
which covers U and is invariant under ¢ . The case U = {0} is trivial (take

=1),s0 we suppose 0 is not in U. To construct y, we pick i € U and let
H Stab(i {(5 €G |t -i=imodp"}. Then

= {J € (2/p"2)"|(j - V)i =0} n¢(G,)

and the group preceding N in this equation is a cyclic group of order min(p”, p*)
where v is the precise number of factors p dividing i. Therefore H and ¢(H)
are cyclic p-groups, and there exists k < n such that

= {j € (2/p"2)"|j = 1 mod p"~*}.
Lemma 34. Y, , h= p*+0"z.
Proof.

Yo h=|H-1+ ) s-p" 4"
het(H) smodp*
ko on—k |k, k
=p +p" " -1)+p"2
—p"+p"Z, sincep#2. O

We write i=pki1 , I, eN. (pk divides i since 1 +p"_k €t(H).)

For any subgroup V' C G, and any multiplicative group M on which G,
operates, we define

= Hd(a) forae M.
sev

If M isa rmg, we also have this norm map, plus an add1t1ve analog tr,(a) =
Y scv0(a). Welet G, operate on A, via ¢ by setting (z) ¢’ (z) for z €
A, Jje€ N Then NH and tr,, are functlons on A4..On = {0 l,...,p" -
1} =27/ p"Z , we have tr,, (we write this rather than N, ,since [ is an additive
group). Lemma 3.4 says that tr, (i E, hei, = pk = 1. We now

consider the element N (T ). It will have the form w-T"" = w . T for

some w € S* and will be H-invariant. For any H-invariant z € 4, we let
tr, /H E(S ) with J running over any transversal of H in G,. Thus
we can deﬁne

y= trG,,/H(NH(Tl])) =g (W T

=i ==t(d)i . *
= Y dw-T)= ) w-T with some w; € S .
6€G, modH 6€G, mod H
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Here the ¢(d)i are all distinct and exhaust the orbit U. Hence y covers U.
By construction, y is G, -invariant, hence g¢-invariant. This proves Theorem
3.1. O

Remark 3.5. For p = 2 the main result of this section remains valid if one
supposes that for all n, ¢(G,) is contained in (1+4Z) /2"Z . Then G, is again
cyclic. One needs a modification in the last part of the proof, since Lemma 3.4
is not exactly true for p = 2.

4. THE MAIN EXACT SEQUENCE (CALCULATION OF P(R, Cpn))

Let R be, as always, a connected ring containing 1/p, p an odd prime.
In §2 we constructed exact sequences (Theorems 2.3 and 2.4) which fit to-
gether in the following diagram:

Ker(j) =  Ker())
! . !
1 — Galy(R,C,) - GalR,C,) 5 PR, Cn) — 1
Jo d il il
1 — TS 5 Gals,, C)% 5 T,(Pic(S,))
! l
Coker(j,) = Coker(j)

Recall from the claim in 2.4 and from 2.3 that Coker(j,) = Coker(j) was
isomorphic to a certain factor group of upn(Sn), via 0. It is immediate by

the Snake Lemma that ;' is injective, and it is easy to see that j' is surjective
exactly if 7’ is. (Here i and 7’ are induced by i and 7 in the Kummer
sequence.) The objective of this section is to show that j' is an isomorphism,
by showing 7' is onto. This will give the announced determination of the group
P(R, Cp).

Theorem 4.1. The map 7': Gal(S, , Cp,.)G" — Tn(Pic(Sn))'G" is surjective.

Proof. We first recall the description of Gal(S,, C, ) by discriminant modules:
A discriminant module over S, is a pair (P, v), where ¢ P is projective of

rank one, and v is an isomorphism P®¢ — S, (g= p"). Two such pairs,
(P,v) and (Q, B), are called isomorphic if there is an isomorphism f: P — Q
such that 8 = v(f®?). The set of isomorphism classes of discriminant modules
carries a composition:

(P,v)-(Q,8) =P80, vefr:(PeQ)® L P 2Lg),
which makes it into an abelian group Disk(q, S,). One has an isomorphism
n: Gal(S,, C) — Disk(q, S,),
A (n(A), mult) (recall #(4) = {x € Alo(x) ={-x}).
The inverse map is given by (P, v) — Ap ) where

Ap =S, @Pe PP e )/(y-v)-1lyeP*).
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(See [2, pp. 524-526]. Borevich does not use the term “discriminant module”.)

The group G, operates canonically on Disk(q, S,) by d(P, v) = (4P, dv).
Note that this makes sense, because Jv: 5P®" - 55, = §, is S, -linear.
As in Lemma 2.1, one shows: The isomorphism between Gal(S, , Cpn) and
Disk(p", S,) is G,-linear if we take the Stickelberger action on Disk(p", S,).
Therefore we get an exact sequence obtained from the middle row of the dia-
gram preceding Theorem 2.3:

1 — Ker(j) — Gal(S,, C,») N Disk(p", Sn)'G" .
We introduce symbolic tensor powers (all tensor products are taken over S, ):
Definition. For P an invertible S -module and z = }_¢;-d € Z[G,], we define

P = ® ((5P)®C"(a negative tensor power means the S, -dual
s€G,

of the corresponding positive power).

Remarks. (a) P*® P* = P*™  (P*)" = P* canonically for z, u € Z[G,].

(b) P™% = (P*)" canonically for z € Z[G,].

(c) If S, is a domain, then all invertible S, -modules are isomorphic to frac-
tional ideals. If one defines P’ = [[6(P)* C Quot(S,) for P C Quot(S,) a
fractional ideal, then the canonical isomorphisms in (a) and (b) become equal-
ities.

(d) The operation ( )* is likewise defined for morphisms, and is an endo-
functor of the category of invertible S,-modules.

Lemma 4.2. The operation ()° extends in a natural fashion to an operation on
Disk(p", S,).

Proof. By Remark (a), second statement, there is a canonical isomorphism
1: (P — (P%*. Hence (v)"1 is a map from (P*)? to S.. Now S. is
canonically S,-isomorphic to S, (for z = J, take J : S,f =45 =S, In
general, tensor together). Let v, denote the composite: (P?)* — S; — S, and
define (P, v)* as (P*, v,1). Remarks (a) and (b) still hold for this operation

of Z[G,] on Disk(p", S,). O
Lemma 4.3. Let P € Pic(S,) be a p"-torsion element, and let (P,v) €
Disk(p", S,,).

(a) (The class of) P is in Pic(S,)'" if and only if P8 =S, .

(b) (The class of) (P, v) is in Disk(p", Sn)’G ifand only if (P"™%, V,_g1)

~(S,,1).

Proof. (a) Recall t(y) = g+ p"Z. Take r € Z with gr = 1 mod p". Then P
is fixed under the Stickelberger action of G, & P = 7P®' & P®8 7P®’g &

p®8 P e P78 = § . The second and third equivalence used that P
S

n-
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(b) This is the same proof, with one extra point: Some steps in (a) used that
p®7 is trivial. Thus one has to make sure that also Disk(q, §,) is g-torsion as
an abelian group. Although this is probably standard, we indicate the argument
since it gives the idea of how to prove 4.1. Take (P, v) in Disk(q, §,). Then
P®? also has the structure of a discriminant module and, looking carefully at the
definition of the product in Disk(q, S,), one sees that the map (P®)® S,
is given by

(P®9)®* _twist | (P®9)% AN s,

where twist = T4 is a special case (¢ = r) of the canonical isomorphism
T, 4 (P®")® —, (P®)®" | But one checks easily (e.g., by localizing and picking

generators) that twist is the identity. From this one deduces that v: (P®?, v®9)
— (S,, 1) is an isomorphism of discriminant modules. O

Now we continue the proof of 4.1. Take an element of Tn(Pic(Sn))'G" , L.e.,

take P € T,(Pic(S,)) with P""¢ =S (Lemma 4.3(a)). Pick an isomorphism
h: P’"# = § . In the proof of Proposition 1.2, we showed that there is an
integer « prime to p such that u-p" = p-(y — g) for some p in Z[G,].
Define Q = P* (= P®"), and define v: Q® — S, as the composition
h

Q®q — (Pu)®q i (P}’_g)p __I"> Sn .

(Here h, is h’ followed by (S,)” =, , as in the proof of 4.2.)

If we can show that (Q, v) is in Disk(q, S, )", we will be done. For then
(Q, v) will define a Cpn-extension A e Gal(S,, Cpn)'G" with n(4) = Q, hence
we will have a preimage of Q = P“, and since u is prime to p and P is
p" = g-torsion, we also will have a preimage of P.

It is obvious from the definition that (Q, v) is a discriminant module. The
point is to show that it is fixed under the Stickelberger action of G, .

We have to prove that the two discriminant modules (S, , 1) and (Q, v)' ¢

~

= (Q"7%, v,_,1) are isomorphic (1 the canonical isomorphism (Q’~%)* <
(Q9)"7%). Let F be the composition
.08 y—g\u _h,
Q7 = (P =8,

We claim that f is an isomorphism of discriminant modules from (Q’~%,

v, gz) to (S,, 1). For this to be the case, we need that

Q) —— (")
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commutes. This is intuitively clear, since up to canonical isomorphisms we
have j; = (hu)q = huq = hp(y_g) = (hp)y_g =V, ,- If §, is a domain or,
more generally, if it admits an artinian quotient ring, then we may assume that
P is a fractional ideal, and as explained in Remark (c) above, all canonical
isomorphisms are just identities. Hence we are done in that case. Since this
absolutely suffices for all applications, we leave the general case to the reader

(or see [8, p. 24]). O

Remarks. What we have achieved in §§2-4 is the following. We have a descrip-
tion of the abelian group NB(R, C,) bya canonical exact sequence linking
it to a “more elementary” group T"(S; )’G" such that these two groups have
the same order, and we mentioned that NB(R, C ,n) can even be shown to be

isomorphic to T (S;)’G". What is more, we also have a description of the
factor group P = Gal(R, C»)/NB(R, C,»): it is canonically isomorphic to
T, (Pic(S,))"" .

L. Kersten and J. Michali¢ek also gave a description of NB(R, C ) by show-
ing that it is isomorphic to a certain subquotient of R[I“n]* , where T, is the
dual group of Cpn . They obtained lifting theorems for Cpn-extensions by this
method (see [18]).

While it takes a little more to deduce the lifting theorems from our results,
our description has the advantage that the groups T”(S; )’G" are often quite

tractable, as we will see in Part II. In contrast, the calculation of Tn(Pic(Sn))'G"
is much harder.

It is also possible to describe NB(R, Cpn) by a factor group of T"(S;) . To
this end, one defines a corestriction for the functors Gal and NB and one
proves similarly as Merkurjev [24] that cor: NB(S,, C,») — NB(R, C}») is
surjective, and that its kernel is (1 —7) - NB(S,, Cpn) . Using this result [8, p.
27], one may reprove lifting theorems of Saltman [25, Theorem 2.1, Corollary
5.3] and Kersten and Michali¢ek [18, Corollary 3.11]. It is remarkable that
these lifting theorems do not remain exactly true for p = 2 (Wang’s famous
counterexample [26]).

PART II. APPLICATIONS IN NUMBER THEORY

1. Cpn-EXTENSIONS AND Zp-EXTENSIONS

Let p be a prime. From §2 onward, we will also need p # 2. In the first part,
we repeatedly indicated how to deal with p = 2 by means of extra hypotheses.
In order to rid this part of these interruptions, we indicate here once and for all
that all results remain valid if K (see below) contains i (a square root of —1).
The reason is that then G, is cyclicand #(G,) C {1 +4r|r € Z} C (z/2"Z)", so
the theory of Part I is applicable. This said, we henceforth assume p odd.

We recall some definitions and facts from algebraic number theory. Suppose
K is an algebraic number field with r real and 2s nonreal embeddings K — C.
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(In standard notation, r is r, and s is r,, but we want to save subscripts.)
A Z,-extension L/K is a normal algebraic field extension such that G(L/K),
the automorphism group of L over K, is isomorphic to Z, asa topological
group. Equivalently, a Zp-extension is a sequence

K=L,cL cL,c---, withL a Cpn -Galois extension of K .

Here L is the union of all the L,. By [27, 13.2] only primes of K above p
can ramify in L/K . If L'/K is the compositum of all Zp-extensions, then [27,
Theorem 13.4]
G(L'/K) =T,

where ¢(K) is a number between s + 1 and [K : Q] = r + 25s. Leopoldt’s
conjecture states that ¢(K) = s+ 1. Often one denotes ¢(K)—s—1 by 6 and
calls it the defect. (The conjecture originates from [22]. More details can also
be found in [27, §5].)

In this section, we explain the connection between Zp-extensions and C .-
extensions, as studied in the first part. Let for the moment G be any finite
abelian group. Then the G-Galois field extensions L/K correspond by class
field theory to closed subgroups U, C C, (the idele class group of K) with
Cy/U, = G. On the other hand, the set of all G-Galois extensions of K
in the sense of Part I and of [4] form an abelian group called Gal(K, G),
and there is a canonical isomorphism Gal(K, G) = Hom_ (Q, G) with Q
the absolute Galois group of K (see [13, Theorem 4]). Note that Gal(K, G)
consists of the field extensions of K with Galois group G, plus some extensions
which are not fields. Actually, L € Gal(K, G) is a field if and only if the
corresponding f: Q — G is surjective. Since Q™ is isomorphic to C modulo
the connected component of its neutral element by class field theory, we obtain
an isomorphism

Gal(K, G) ¥ Hom
L~ fL

(Hasse [14, p. 39]). Again, L € Gal(K, G) is a field iff the corresponding f;
is surjective. For example, f, = 1 if L is the trivial G-extension. (L =
K x ... x K as K-algebra.)

Now we consider ramification. Let X be a finite set of finite places of
K, and let R = ﬁ,? be the ring of Z-integers in K. Then Gal(R, G) is a
subset of Gal(K, G) and consists precisely of the G-extensions L/K which
are unramified outside X and infinity (see, e.g., [4, Remark 1.5d)]). If £ =
{py,...,p,}, then L/K is unramified outside X if and only if fL(Up )y =1
for i ={1,...,n} [27, Appendix, Theorem 14]. (Here U, is the unit lgroup
of the valuation ring of the completed field K, ) '

Our aim is to obtain information about c'(K ) by looking at the groups
Gal(R, Cpn) with R = @’K[p_l] (1.e., take X = {places dividing p}). For

C, G)

cont (
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this, two lemmas are needed. The first is quite easy, and the second is presum-
ably well known. Let the Landau symbol O(1) stand for a function f: N — R*
with values in an interval [¢, C], O0<c< C <.

Lemma 1.1. Let M be a finitely generated Zp-module of rank r(M). Then

|Hom(M, Z/p"Z)| = p""™ . 0(1) forn — o.

Proof. Both sides are multiplicative with respect to direct sums. If M is tor-
sion, then |Hom(M , Z/p"Z)| stays bounded for n — oo . By the structure the-
ory for finitely generated Zp-modules, we are thus reduced to the case M = Z,,
which is obvious. O

Lemma 1.2. |Gal(R, C,»)| = p"“®-0(1) for n — .

Proof. Let L/K be the maximal abelian extension unramified outside p. We
use the notation from the appendix of [27] for class field theory.
Let H = G(L/k). Then

H%CK/(HUp-Dk) , Cy = idele class group of K,
ptp

D, = connected component of 1 € C X -

In other words, we have H = (Cy/[1,4, U,)/Dx = (J/K I, U,) /Dy , where
Jy stands for the idele group of K, and it is shown in [27, p. 267, bottom]
that the latter group (called J' there) has a subgroup H” of finite index such
that H" is isomorphic to Z;(K). It is also shown in loc.cit. (pp. 267-268) that
if L' is the compositum of all Z -extensions of K, then H' = G(L'/K) has
finite index in H .
As discussed above,
Gal(R, C ) = {E € Gal(K, C,»)|E unramified outside S}
= {f €Hom_ (Cy, C,)|f(U,)=1Vp1p}
=Hom__ (H, Cpn) = Hom (Hp, Cpn),

cont cont

where Hp is the pro-p-part of the profinite group H. Note Hp is a finitely
generated Zp-module, since H' has finite index in it. Now H, has rank c(K)

over Z, since H' = Z;(K) by definition of ¢(K), hence we may apply Lemma
1.1 to get our conclusion. O

2. MODULE-THEORETIC LEMMAS

In this section we prove some results which will be needed later, when we
calculate certain fixed groups under twisted actions. Let p be an odd prime,
n a natural number, and G = G, = (7) a cyclic group with an embedding ¢:
G — (Z/p"Z)", t(y) = g+ p"Z. Let P be the group ring Z [G]. We resume
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and extend the notation of I, §1: For every P-module M , we let
T"(M)=M/p"M,
AM) = (T"(M))* = {x € M/p"M]|g"
= {x e M/p"M|(y - g)x = 0},
a(M) = |A(M)|.

".9x=x} (-~' taken mod p")

Theorem 2.1. Suppose M and N are finitely generated P-modules without Z-
torsion. If Q,@ M = Q, ® N over Q,[G] (® taken over Z,), then o(M) =
a(N).

Proof. Consider the category & of finitely generated P-modules without Z-
torsion, and form a Grothendieck group Gg(%) by taking the free abelian
group on (a skeleton of) % and factoring out relations [M]—[M,] - [M,] for
M, M ,M,e% and 0 - M, - M — M, — 0 exact. Clearly G(”Z;(%) is
generated by the classes of P-modules M which do not possess a nontrivial
Z-pure P-submodule M’ (for any such M’ gives an exact sequence 0 — M’ —
M — M/M' — 0 with also M/M' Z-torsion-free of smaller Z-rank). Let us
call modules M without nontrivial Z-pure P-submodules presimple.

Lemma 2.2. M is presimple if and only if QoM is simple over Q,[G].

Proof. “=": Let U be a nontrivial direct summand of Q, ® M. (Observe
that M CQ,®M.) Then 0£UNM # M, and M/UNM is torsion-free, a
contradiction.

“<«” Every Z-pure nontrivial submodule U C M gives a nonzero submod-
ue U'=Q,@UcQ,®M. But U #Q,®M,since U is pure in M and
U#M. O

Lemma 2.3. Every simple QP[G]-module T is of the form QoM for a finitely
generated P-module without Z-torsion, and M is uniquely determined up to
isomorphism by these conditions.

Proof. Since T is finitely generated over Q, . the existence of M is clear.
Suppose M is given with QeM=T. The annihilator of T is a maximal
ideal I in Q,[G], and Q,[G]/I is a local field K. Let p = PN1I. Then
pNZ, = 0, P/p embeds in K, and Q,® (P/p) = K. The generator y of G
maps to a p"th root of unity { € K, hence P/p = Zp[C] is integrally closed,
one-dimensional, and local. M isa P/p-module, and finitely generated without
Z-torsion. Hence M has no ZP[C]-torsion, ie.,, M is free over ZP[C] = Plp.
Since K = (QIG])/I=T=Q, M, M necessarily has rank 1, ie., M =
P/p. O

Corollary 2.4. The canonical map b: G?(E;”) — K, (Q,IG]). b([M]) = [Q,&M],
is an isomorphism.

Proof. The homomorphism b takes a system of generators of Gg(% ), namely
the classes of presimple P-modules, by 2.3 injectively to a basis of KO(QP[G]) ,
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namely the classes of simple QP[G]-modules. In particular, the system of gen-
erators was already a basis. O

Now we can finish the proof of Theorem 2.1. We claim that « induces a
homomorphism from Gg (%) to the multiplicative group Q" . For this one only
has to check that « is multiplicative on short exact sequences

O-M —-M—-M,—-0,
M, M, M, Z-torsion-free P-modules. By Proposition 11.2,
0— AM,) - AM) - A(M,) -0

is again exact. Hence a(M) = a(M)) - a(M,).
Finally, suppose we have finitely generated P-modules M and N without
Z-torsion, QeM=Q,®N. Since b is injective, the classes of M and

N in Gg (%) are the same. As a is defined on that Grothendieck group, the
conclusion a(M) = a(N) follows. O

One can define a(M) exactly in the same way if M is a module over Z[G]
(not over Z,[G] = P as above). Then we have:

Corollary 2.5. If M and N are Z-torsion-free finitely generated Z[G)-modules
with R ®, M 2R®, N over R[G], then a(M) = a(N).

Proof. Since the canonical map K,(Q[G]) — K(R[G]) is injective, we obtain
that Q@ M =Q®N. Let M' =2 ®, M and N' = Z,®,N. Then Q@ M’ =
Q,®N' (® over Z,), s0 by 2.1 we get a(M’) = a(N'). It is obvious from the

definition that a(M') = a(M) and o(N') =a(N). O

3. CALCULATIONS WITH UNITS IN NUMBER FIELDS

In this section, R will always be the ring of p-integers ﬁK[p"'] of the arbi-
trarily given algebraic number field K. As above, we assume p # 2.

Let kK = [K : Q], r be the number of real embeddings K — C,and 2s = k—r
be the number of nonreal embeddings K — C. Let K, = K ({IJ,.) and G, =
Aut(K,/K). As usual, let ¢: G, — (Z/p"Z)" be given by 6({,») = ({,»)"® for
all 6 € G, . Then the ring S, = ring of p-integersin K, = R[{pn] is connected
and G, -Galois over R. (The reason is that K, /K is unramified outside p.
See the general remarks at the beginning of §1.) This shows S, coincides with
the extension S, of R which we studied in Part I (see §2 in particular), i.e.,
Corollary 12.5 may be applied. This is the reason why we are interested in the
cardinality of |T"(S;)|'G" . Recall that we abbreviated this to «(S) in §2. The
goal of this section is

Theorem 3.1. For n — oc we have o(S}) = p"“*" . 0(1).
More precisely, if ¢ is maximal with Cp@ €K, , then

ofST) =p" M with —e<d <2k.
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As a preparation for the proof of this theorem, we first need a result about
the relative Galois module structure of the group of units E(K,) of K, . Thisis
essentially the theorem of Herbrand and Artin. We only consider the case n #
0. K has r+s places (= nonequivalent valuations) B,, i=1,...,r+s. For
every I, one chooses an extension of §; to K, and denotes it again by ;. The
extension f; is always a complex place, since K, is totally complex (Cp €K,).
Suppose now that B, is real on K, and take an embedding ¢,: K, — C which
induces the extension S;. Let conj: C — C be the complex conjugation. Then
9; and conj¢; agree on K and have the same image, hence there exists a unique

o, € G, such that ¢, = conj ¢, . By evaluating this equation in ¢,» and noting

that ¢,({,») isa p"th root of unity in C, one finds that 0,({n) = (Cpn)—l , 1.e.,

o, does not depend on i and is characterized by #(g,) = —1. To indicate this
in our notation, we write t for g,. Note that 7 need not exist if K is already
totally complex.

Now we quote the following theorem of Artin [1, GW, p. 197] (note his r is
our r+s—1):

There are r +s units x,, X,, ..., X, € E(K,) such that the conjugates
o(x;) with 1 <i<r+s and ¢ € G, contain a maximal set of independent
units, and the only relations are: r(xi) = x; for B,|K real, and Ilo(x,) (II
overall i,all g)is 1. (Ignore 7 if K is already totally complex.)

We have to reformulate this slightly for our purpose. For this, we let E '(Kn) =
E(K,) x CZ , where ¢ is just a formal symbol and G, acts trivially on . Let
x; =(x;,¢) € E'(K ). Then one sees directly that the conjugates o(x {) with
1 < i <r+s contain a maximal Z-independent set in E’ (K,) and the only
relations are ‘t(x,'.) = x; for B,|K real. Tensoring with Q, we can say this
differently:

Theorem 3.2. Let L, =L (K)=Q®, E'(K,).

(a) If K is totally complex, then L, is Q[G,]-free of rank r +s=5s.

(b) If K is not totally complex, then L, = A® B, A is Q[G,]-free of rank
s, and B is (Q[G,])/(1 — 1)-free of rank r. (Recall t € G, is characterized by
t(r)y=-1.) O

For the next corollary, we introduce the notation LE'(K,) = E'(K,,)/ torsion.

Note that the torsion in E’(Kn) is given by the roots of unity, and note also
that L, 2 Q®, LE'(K,). Then Theorem 3.2 gives

Corollary 3.3. Q®, LE'(K,) = Q®, ((Z[G,]/(1 — 1)) x Z[G,I). (For r =0,
ignore the term containing t.)

The major step in the proof of 3.1 is the evaluation of a(E(K,)). Recall the
definition of A(-) and o from §2. The technical core of the argument is the
following:

Lemma 3.4. (a) o(Z[G,])=p
(b) a(z[G,]/(1 - T)) =1.
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(Loosely speaking: Factoring out a quite small ideal makes all the difference
Jor o)
Proof. (a) 4 Z[G ) =1y € @/0"DG,llvy = gv} = (2/p"2) (T 8" 77")
(recall |G,| =m), and this group has p" elements.

(b) We have Z[Gn]/(l - 1) = Z[H,] with H = G, /(t). Since 7 has order
2, necessarily 7 = y"’/ 2 Let 7, be the image of y in H, , and take

m/2—1 .

y= Y a-y €(@/p"DH), aeL/p"L,

and assume that (g —y)-y = 0. It follows that 4, = 8- a for i =
0,1,...,m/2-2, and a,=g-a,,_, . Hence a,= ¢’ aO and g" a0=a0.
But we know that g (y'"/z) {(t) = -1, so we have a;, = —a,. Since p

is different from two, thls implies @, =0 and y=0. O

Corollary 35. o(LE'(K,))=p"".

Proof. By definition LE '(Kn) is torsion-free, and by Dirichlet’s Unit Theorem
it is finitely generated. By Corollaries 3.3 and 2.5 we deduce that

o(LE'(K,)) = a((ZIG,]/(1 - 1)) x Z[G,]’).

The right-hand side is obviously equal to a(Z[G,]/(1-1))"-a(Z[G,])’ , and this
quantity equals p™ by Lemma 3.4. O

The rest of the proof is a detailed analysis of how a(LE'(Kn)) relates to

our target number a(S ). Matters are as follows: LE’ (K,) is obtained from
the group of units E(K,) by two modifications: throw away torsion and adjoin

&2 . On the other hand, S; is obtained from E(K,), very roughly speaking, by
adjoining inverses of divisors of p. We show basically that the effect on a of the
first modification is a factor p”, and that the effect of the second modification
and the step from E(K,) to S; is “bounded”. Now for the details.

Proposition 3.6. «(E'(K,)) =p"-a(LE'(K,)).

Proof. Let u(K,) denote the roots of unity in K, , and u'(Kn) the subgroup
of roots of unity of p-power order. We use the exact sequence of G, -modules

1 — K, —E'(K,)— LE'(K,) — 1.

By Proposition I1.2 we obtain «(E'(K)) = a(u(K,)) - a(LE'(K,)) . Obviously,
a(u(K,)) equals a(u'(K,)), and we are done if we have shown that the latter
is p". Let ¢ be maximal with Cps ekK (Cp), i.e., ¢ is the characteristic number
of K in the sense of I, §2. It is well known that ¢ is finite for n > ¢, ;z'(Kn) =
u,(K,). The t-action of G, on M, 1s trivial, hence for n > ¢, a(,u'(Kn)) =
a(upn(Kn)) = |,up"(Kn)| =p". Now we show that the proposition also holds for

n < ¢. In this case, ,u'(Kn) = up,.(K"), and 7(Cp.;) = C;' with h = g mod p" .
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Therefore the action of y on T” (1,:(K,)) is again raising to the gth power,
and again the t-action is trivial on T"(u,:(K,)) . One sees also that 7" (u.(K,,))
has p" elements. O

Proposition 3.7. a(S}) = o(E(K,))-p with d € {0, ..., 2k} (k=[K:Q]).
Proof. We begin with the exact sequence

1 - EK,)— S, -z

Here I, is the set of prime divisors of p in K,, and v = (v;),,, is the
vector of corresponding valuations. G, operates naturally on I, such ‘that the
sequence is G -equivariant. Since Im(v) is torsion-free, Proposition 1.2 gives
us a new exact sequence

1 — A(E(K,)) = A(S,) — A(Im(v)) — 0.

We have to show that A(Im(v)) has order at most ka . The trouble is that we
do not know Im(v) precisely. But Coker(v) is finite (since it embeds into the
class group of K, ). By Corollary 2.5, a(Im(v)) = a(ZI") , and we can deal with
the latter. For this proof, we need to write g, for g and y, for y. (Thus,
we have G, = (7,), 7,({) = (Cp")g" .) Let ¢ be as in the last proof. Then
[K, : K] is a multiple of p"~° for n>e. ([K, : K,] is exactly p"~*; see 12.7.
That lemma is of course well known in the number-theoretic setting.) Hence g,
cannot be congruent to 1 mod p£+l for n > ¢. It is an easy exercise to deduce
from this that

e+1+[log,(s)]

g #1 modp
We need two auxiliary lemmas.
Lemma 3.7.1. |I | <k/p"™", where k = [K : Q].
Proof. We may assume n > ¢. In the prime factorization of p in K, , every
factor has exponent at least p"_l(p —1) (since Q(Cpn) CK,). Since [K, :Q] =

(K, : K,JIK, : Q1 < p"°-(p—1)-k, there can be at most k/p°~' distinct
factorsof p in K, . O

fors e N, n>e+1+log(s).

Lemma 3.7.2. Let H be a factor group of G, with s elements. Then a(ZH ) <
e+log (s)
p 14

Proof. This is very similar to the proof of Lemma 3.4(b). One has
AZ") = AZ[H)) = {y € (Z/p"2)[H]7,y = &,7}

s—1 }
= {ao'ZgL 7. lag €Z/P"L, g, -a,= ao} .
i=0
(Note that 7, (the image of y, in H) is a generator of H.) Since g, #

1 mod p°* '+l ()] e+l0g,(9] gifferent values. O

, a, can take at most p
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With these two lemmas, we can finish the proof of 3.7: Decompose I, into
G,-orbits J,, ..., J, . Then J; is G, -isomorphic to a factor group H; of G,
with order s, = |J;|. Using 3.7.2, we get

r

r. r
a(@") = [Je@™) < [[p% <p™ - []s;-
i=1 i=1 =1
By Lemma 3.7.1, r-e < |I,|-€ < k-p'~®.e < k. The term I1s; can be estimated
from above by 2" since the sum of the s; is |I,|. Hence we obtain altogether

k.ZIIRISpk.szPZk. 0

o(Z") < p

Now we can prove Theorem 3.1. From the definition it is clear that o(E'(K )

=a(E(K,))- a({Z). The G, -module &~ 7 fits the hypotheses of 3.7.2: Take
H=1.Then Z=Z" as G,-module, and we get 1 < a(éz) < p®. Hence

p - a(E'(K,) < a(E(K,)) < a(E'(K,)).

n

Inserting Proposition 3.7 in this formula gives
_ * 2k
p~"-a(E'(K,) < a(S;) <p™ - a(E'(K,)).
By Corollary 3.5 and Proposition 3.6 we have
o(E'(K,) =p""".

n

Putting the last two formulas together gives Theorem 3.1. O

Corollary 3.8. |NB(R, C,»)| = |Galy(R, C,»)| =p"**" - 0(1) for n — oo.

Proof. Combine Theorem 3.1 with Corollary 12.5 (the first = sign is Theorem
13.1). O

Remark 3.9. For K = Q, one finds that a(Z’") = a(Z) = 1, hence we may
replace ka by 1 in the proof of 3.7, i.e., we obtain a sharpened version of the
explicit formula in 3.1: [NB(R, C )| = |Galy(R, C)n)| < p". For p aregular
prime number, Pic(S,) has no p-torsion since the class number /4 of the p"th
cyclotomic field over Q is not divisible by p. For these p, we therefore have
P(R, Cpn) trivial, thus we have as a corollary that |Gal(R, Cpn)l < p". But
this is one key step in the proof of the theorem of Kronecker-Weber since it
implies that every p-ramified Cpn-extension of Q is cyclotomic.

4, NORMAL BASES, LEOPOLDT’S CONJECTURE, AND Zp-EXTENSIONS

In this section we put together some results of the previous sections of this
part. Let K, as always, be a number field, and let r and s beasin §l. Let p be
an odd prime and R = ﬁK[p"]. Let & be the defect in Leopoldt’s conjecture
as in §1.
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Theorem 4.1. Leopoldt’s conjecture holds for K and p (in short, LC(p) is valid)
if and only if the order of the factor group Gal(R, C,»)/NB(R, C,») remains
bounded for n — oo. This, in turn, happens if and only if for n — oo the orders
of the groups T, (Pic(S,))""" remain bounded.
Proof. The second statement follows from Theorem I4.1 and the comments pre-
ceding it (j': Gal(R, C )/ Galy(R, Cn) — Tn(Pic(Sn))'G" is an isomorphism,
and Galy(R, C)») = NB(R C,r ) by Theorem 13.1).

By Corollary 3.8, INB(R, c | =p"*V.0(1). On the other hand, Lemma

1.2 shows that |Gal(R, C,»)| = ”‘*"’ -O(1). Thus by dividing the second
by the first equation, we obtam

|Gal(R, C,»)/ NB(R, C,»)| =p".01).

(Recall our agreement that O(1) denotes a quantity, dependent on n, contained
in an interval [c, C], 0 < ¢ < C < oo.) Hence the left-hand side is bounded
for n — oo if and only if ¢ is zero. O

The aim of the rest of the section is to reformulate these asymptotic formulas
in terms of Zp-extensions. The following definition would make sense for every

commutative ring R, but we always assume R = ﬁK[p_l] . Choose generators
g, of Cpn once and for all. Then there are canonical maps Cpm — Cpn ,
g, g, for m>n.

Definition. (a) Let 4 be an R-algebra on which Z, acts by algebra automor-

phisms. Let 7, : z, - Z/p"7 = C,n, 1 — o, be the canonical surjections.

Then A is called a Z -extension if A4, = AKerm)

and A=4,.
(b) A has normal basis if all 4, have a normal basis as Cpn-extensions.

1S a Cpn-extension for all »,

Remarks 4.2. (a) There is an obvious notion of isomorphism of Zp-extensions,
and the Harrison product on C pn-extensions gives us a product on the set of
isomorphism classes of Zp-extensions of R, hence we get an abelian group
Gal(R, Z,).

(b) The groups Gal(R, C) form a projective system with maps f :
Gal(R, pr) — Gal(R, C)n), A — algebra of fixed elements in 4 under
p" - Cpm . One checks easily that the assignment 4 — (4,) defines an
isomorphism

neN

a: Gal(R, Z,) — lim (Gal(R, C,.)).

n

(c) This isomorphism gives another:

Gal(R, Z,) — lim Hom

n

comt (I Cp) = Hom (T, Z,).

(T denotes the absolute Galois group of R in the sense of [16].)
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Definition. The group NB(R, Z,) is defined as
NB(R, Z,) = lim NB(R, C»).

n

Note that this is a subgroup of Gal(R, Zp) up to isomorphism: Via «, the
group NB(R, Z,) is isomorphic to the subgroup of all 4 € Gal(R, Z,) which
have a normal basis (see part (b) of the definition of Z,-extension above).
Note moreover that Gal(R, Zp) is torsion-free by 4.2(c), hence its subgroup
NB(R, Z,) is also torsion-free. Let L' be the composite of all Z ,-extensions
of K and H = G(L'/K). Then

Gal(R, z,) = Hom_(Q, Z,) = Hom_ (H , Z)),

cont cont

and we saw in the proof of Lemma 1.2 that H' is a finitely generated Zp-module
of rank ¢(K). Hence we have:

Lemma 4.3. Gal(R, Z,) = Z;(K) and NB(R, Z,) is finitely generated and free
over Zp. O

The rest of this section is devoted to a proof of NB(R, Z p) ~ Z;“ . For K
totally real or a CM field, this result has previously been proved by I. Kersten
and J. Michalicek (see [19, 20]). (The result gives another reformulation of
Leopoldt’s conjecture: LC(K, p) holds if and only if NB(R, Z,) has finite
index in Gal(R, Z,).) Since the proof is fairly long and difficult, we first give
a direct argument for the case s = 0. (Recall s = r, is half the number of
complex embeddings of K .)

Theorem 4.4 (Kersten and Michalicek [20]. If K is totally real, then NB(R, z,)
=7 -

Proof. Tt is well known that the cyclotomic Z,-extension Z of Z[p_'] has
a normal basis. Z will not become trivial when tensored up to R, hence
M =NB(R, Z,) is not zero. Suppose M = Z; , d > 1. Abbreviate Gal(R, Z))
to X . From 4.2(c) one sees that X/p"X injects into

Hom_ (Q, Z/p"Z) = Gal(R, C,.).

cont

Hence M/p"X N M injects into NB(R, Cpn) . It is elementary module theory
over a PID to see that the index of p"M in p"X N M is bounded uniformly
for all n. Hence the size of the kernel of the canonical map M/p"M —
NB(R, Cpn) is also bounded, i.e., | NB(R, Cpn)l grows (up to a nonzero mul-
tiplicative constant) at least as fast as |M/p"M| = p"d. But this contradicts
Corollary 3.8 (note s =0). O

Now we prepare for the general case. As in the last proof, let us abbreviate
X = Gal(R, Zp), and M = NB(R,Z,). When we say that a quantity which
evidently depends on n is bounded, we mean that there are positive constants
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independent of n which bound it above and below. Let ¢, denote the canonical
map from M to NB(R, C,»). We now formulate two theorems. The second
will be the announced result, and the first will be seen to imply the second. The
rest of the section is taken up by the proof of the first.

Theorem 4.5. The orders of the cokernel groups Coker(p,: M — NB(R, C,))
are bounded.

Theorem 4.6. M (= NB(R, Z,)) is isomorphic to Z;“ (s = r, in standard
notation).

Proof of the implication 4.5 = 4.6. We have M = Zl’, for some ¢. As already
used in the proof of 4.4, Ker(p,) equals p"X N M, and this module can be
trapped between p"M and p" ‘M for some constant ¢ independent of n

(elementary module theory, or Lemma of Artin-Rees). Hence we have, using
4.5:

INB(R, C,»)| = |M/Ker(p,)| - O(1) = [M/p" M| - O(1) =p""-0(1).
Corollary 3.8 immediately gives t=s+1. O

Let us now begin the proof of 4.5. We first consider the following special
case:

Assumption. K =K, .

Then Cp € K, and by Lemma 12.7 we may choose the generators y, of G,
such that ¢(y,) = (1+p°)+p"Z, hence also y,,, — y, forall n. Here & = ¢,
is the characteristic number of K (see I, §2).

Write M, for NB(R, C,n). By definition M = !&n M, ,and n,: M — M,
is the nth projection. M, =, ., Im(M, — M,). Then, as is well known,
ljr_n M, = !ln M,',. In our case all M, are finite and every M,’, is of the

form Im(M,,,, — M) for m(n) big enough, and the transition maps of the

projective system (M,'l) are surjective. Hence the projections M — M; are
surjective, and it suffices to show the boundedness of the orders |M, /M, |, or
equivalently of |Coker(M, — M, )| for all m, n with m>n.

Lemma 4.7. Given a short exact sequence of projective systems
0—B, 4, 2C, -0
such that |Coker(A4,, — A,)| is bounded, one has the formula
| Coker(B, — B,)| = |Ker(C, — C,)/n, (Ker(4,, — 4,))| - O(1).
Proof. This is an immediate consequence of the Snake Lemma. 0O

We want to apply this to B, = M,, 4, = Gal(R, Cpn), C,=4,/B, =
P(R, C). The hypothesis of 4.7 is satisfied since

(H,C,),

cont

Gal(R, C») = Hom
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H as in 1.2, and there we saw that H = free Zp-module x finite group.
Our objective, Theorem 4.5, states: |Coker(B,, — B,)| is bounded. Since
p"-A, cKer(4, — 4,) and 4, — C, is onto, 4.5 will follow with the help
of 4.7 once we have shown

Principal Claim. |Ker(C, — C,)/p"C, | is bounded, with C, = P(R, Cyr).
(The map C, — C, is induced by the map Gal(R, C,n) — Gal(R, Cyr).)

In the proof of this claim we shall proceed as follows:

(a) We recall that C, = Tn(Pic(Sn))’G" by Part I, §4. The isomorphism
(called 7 there) will be denoted n, for clarity. It depended on the choice
of a primitive p"th root Cp,., so let us henceforth assume we have chosen
for each n such a root (., such that (Cp,.+.)” = {,». We figure out what
the canonical maps c,,,: C, — C,, give on the right-hand side (n > m). It
turns out that =, ¢, 7, ! is induced by the usual norm Ny .k, on p-ideal
class groups (see Lemma 5.5 below for the details). Therefore we may replace
the projective system (C,) by the projective system T,(Pic(S,))’G', with the
indicated transition maps.

(b) Next, we have to replace the system T,(Pic(S,))'G' by other ones which
are only “almost” isomorphic to it, but simpler to handle. We define a map
between projective systems f.: X, — Y. to be a quasi-isomorphism if the orders
of the kernels and cokernels of the f, are bounded. For a complete definition
see §5, where we also give some (basically trivial) lemmas on the behavior of
such QI's ( = quasi-isomorphisms).

The main result that we will have to use is Lemma 5.4: If f: X, —» 7Y, isa
Ql and p"X, =0, p"Y, =0 forall n € N, then the kernels and cokernels of
the induced maps

n
fom: Ker(X, — X)/p"X, —Ker(Y, —Y,)/p"Y,

are also uniformly bounded for all m > »n. This means in down-to-earth terms:
In proving the Principal Claim, we are free to replace T,(Pic(S,))'G' by any
system D, quasi-isomorphic to it.

(c) By Iwasawa theory, one finds a “good” such system D, .

(d) Proof of the Principal Claim with D, in the place of C,.

After outlining the program, we only have to supply the details of (¢) and
(d), since (a) and (b) are covered by the technical results of §3.

Step (c) (Iwasawa theory). Let K, = Quot(R,) = K (Cpn) . We first make an

Assumption. { € K (hence € R), 1e., K, =K.

Iwasawa theory speaks (among other things) about the structure of the groups
Cl'(Fn)(p) , where F_ = JF, is a Z,-extension of a number field F = F,
Cl’(Fn) is the p-class group of F, (= class group of F, modulo classes of
divisors of p ), and the index (p) means: take p-Sylow subgroup. In our case,
K_ =UK, does form a Zp-extension of K = K/, but the numbering is not
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the conventional one (i.e., [K, : K] = p" fails to hold). To repair this, recall
the following:

In I, §2 we defined ¢, = ¢ (called characteristic number of K') to be the
biggest ¢ € N such that Cpe € K(Cp). By Lemma 12.7, if we let F, = K, _,,
then the F, form a Zp-extension of K with conventional numbering.

Now let A = Zp[[T]], and y, be the generator of G, with #(y,) = (1 + 0%,

ie., t(Cpn) = (Cpn)”pg. Hence y = lim(y,) is a topological generator of
!iLn G, = Z,. We define a A-module structure on T, (Pic(S,)) by letting T op-

erateas y, — 1. Then T, (Pic(S, +£))’G"+€ is a projective system of A-modules
of Lemma 5.5.

By [15, Theorem 8] there exists a noetherian torsion A-module X' with a
submodule of finite index Y’ (notation from [15]) such that there is an isomor-
phism of systems

X'v, Y =5 Pic(S

ne)p)

Here e is some auxiliary number depending only on K (actually one could take
e =¢), and the v, . are certain explicit elements of A (see loc.cit.). It is not
explicitly stated in [15] but it is obvious from the definition that [X': Y] < oo
(see also [27, p. 280]). The isomorphism respects the transition maps since the
transition maps on the right-hand side are induced by the appropriate norms
(see Lemma 5.5).

Hence one immediately obtains a quasi-isomorphism (actually injective):

(%) Y’/un‘eY' — Pic(S,,,) )"

By [27, p. 271] or [15] there exists a A-module E which is a finite direct
sum of modules A/(pk') and/or modules A/(Ff') (with F; € Z,[T] c A
irreducible, leading coefficient equalling 1 and all others being in pZ,), and

a A-homomorphism f: E — Y’ with finite kernel and cokernel (a so-called
A-quasi-isomorphism). By Lemma 5.4 and (x), the systems FE /un,eE and

Pic(S,,,),) are quasi-isomorphic.
Now we do not want Pic(S, +‘&,)(I,) itself but rather Tn(Pic(S"))’G" which
equals:
annihilator of y, —(y,) in
(%)

annihilator of p"** in Pic(S,,,),,,-

Let us abbreviate “annihilator of a in B” by B[a]. Using this new notation,
and recalling that y, —#(y,) operatesas T + 1 — (1 + p°), we can rewrite the
term (xx) as

Pic(S, ), p"IT - p°1.

By Lemma 5.2 (applied twice), this system is quasi-isomorphic to

v, BT - 1.

D, L (E/

n+é
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As was explained under step (b) above, it now suffices to prove the Principal
Claim with D, in the place of C, = T,(Pic(S‘))'G’ (step (d) of the program).

Step (d). We can of course assume that E is either A/ (pk ) or A/(F*) (k,s¢€
N, F € Z,[T] as described already). The rest of the proof is a brute force
calculation, and not hard.

First case:. E = A/(pk). We claim that the groups D, themselves already
have bounded order (which of course is much more than we want). We have
E/v, E = Z/(pk)[[T]]/(un,e), and by [27, p. 280 bottom], v, , is a polyno-
mial with leading coefficient 1, all others in pZ. Hence it is enough to adjoin
[T] in the place of [[T]] in the last formula. Moreover, for k = 1, the annihi-
lator of T —p® in Z/(p)[T]/(any polynomial) is at most one-dimensional over
Z/(p). An easy induction over k gives then I(E/v, ,ENT -0 < pk , which
suffices.

Second case: E = A/(F’), F € Z,[T] with leading coefficient 1, all others in
pr.

Subcase A: F # T —p°. As in the first case, we show |D,| bounded. By
working in Qp[T], one sees that there exists g € A and ¢ € N such that
g+ (T -p°)=p°mod F’. Hence D, C (E/v, E)T -p°]lC(E/v, E)],
and this has uniformly bounded order since the p-ranks of the E/v, ,E remain
bounded [27, 13.20].

Subcase B: F = T —p°®. This is slightly more subtle. By [27, p. 281, formula
preceding the second “Therefore”], we have

k

v, E= . v, E forall n not less than some fixed k .

This implies that the system of canonical surjections E/v, E — E/ p"E has
kernels of order < |E/v, E| (and trivial cokernels, of course). By applying
Lemmas 5.2 and 5.4 for a last time, we may replace the projective system D, _,

by the system D . = (E/p" “E)[p"*|IT -p°] (forget about n < k ). Note that

n+é
one may delete “ [p"**] ” without effect in the last formula. The point is now that
12 . .. . —k .
D, . is calculable. 1t is isomorphic to ((Z/p" “Z)[T1/(T —p°)’)[T - p°]. Since
T — p° is a nonzero divisor in (Z/p" *Z)[T], the last expression is the same
as (T -p°)° ' ((z/p" *2)[T)/(T - p°)°), hence a Z/p" *Z-direct summand of
(Z/p"*Z)[T1/(T - p®)*. From this one obtains that Ker(D,,,, = D is

identical with p" % . D’

m+e¢ *

/
)
Since |p" %D’ _/p"-D’ | is bounded ’(l;;ain
m+ée m+¢ )

the p-rank of E/v,, o remains bounded), we have proved the Principal Claim.
This finishes the proof of 4.5 under the Assumption K = K| .
To prove 4.5 without that assumption, a small additional argument is needed.
In general, the tower K C K; C K, C --- is not a Zp-extension, not even

after renumbering. But if we let én = G(K,/K,) C G,, then (~;” 1s the p-
primary part of G, , and has a unique complement H, in G,. Moreover, H,
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is canonically isomorphic to G(K,/K) = G, . We have

Pic(S, )p"1% = (Pic(S, )[p"1%) " |

Now we already know 4.5 holds with K| in the place of K (the Assumption
holds trivially). Hence the assertion 4.5 holds for the projective system (C,) =

b n
(Pic(Sn)[p" ]'G"), and we have to deduce the same assertion for the projective
system (C ) = (C,',H"). Let 7, be a generator of H, and h, = f(n,). Then

n
tH, . o )
C, " is exactly the annihilator of 7, —h, in C,.

Claim. The elements 5, —h, are associated to idempotents e, in (Z/p"Z)[Hn].
Remark. Once they exist, the e, are obviously unique.

Proof. Let m = |G| = |H,|. Then m divides p — 1, and we have an isomor-
phism:

£, (2/p"T)[H,) — (Z/p"T)"
= (L by by Y,

n

Then f,(n,—h,) has O in the second position and units in all other positions,
because the m first powers of 4, are distinct mod p .

The claim now implies that the projective system (annihilator of 5, — A&,
in C~'n ) is a direct summand of the projective system (C~7n) itself. Hence the
property 4.5 carries over from (én) to (C,), and we are done. O

Concluding Remark. The question arises: If one knows that Leopoldt’s con-
jecture is true for K, then what is the index of NB(R, Z,) in Gal(R,Z,)?
Although Gal(R, Zp) contains many nonfields, it is at least generated (over
Z,) by the Z -extensions in the usual sense (i.e., fields). Thus the index is 1
exactly if all field Zp-extensions of K have a p'-integral normal basis. Sup-
pose now K is imaginary quadratic over Q. Then Leopoldt’s conjecture holds
for all p, and Gal(R, Zp) is generated by L™ and L™, the cyclotomic and
anticyclotomic Zp-extensions of K, for p = 3. It was shown by Kersten and
Michalitek [20] and the author [8] that the cyclotomic Z -extension always has
a p'-integral normal basis (actually, for [K : Q] = 2, p # 2 this is trivial).
Hence the point is what happens to L™, and based on results of Greenberg [7]
and Kersten and Michali¢ek (oral communication), one can show that for some
K, L™ hasno p'-integral normal basis. Moreover, for K = Q(v/=3-257) the
index of NB(R, Z,) in Gal(R, Z,) is precisely p' = 3.

5. SOME AUXILIARY RESULTS

Here we collect some results on quasi-isomorphism of projective systems, as
well as an important lemma that was used in §4.
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Definition. A (projective) system is a family (X)), .y of Z-modules together
with mappings X,,, — X, . There is an obvious notion of map of projective
systems.

Furthermore, we define:

Definition. (a) If f, = (f,) is a map between the systems X, and Y, then f is
a quasi-isomorphism (QI for short) if |Ker(f,)| and |Coker(f,)| are uniformly
bounded for all ».

(b) A double system X.. is a family of Z-modules X, , n<m; n,meN,
(No transition maps between the X, are requested.) Quasi-isomorphisms of
double systems are defined as for systems: f.: X, — Y., isa QIif |Ker(f,, )|
and |Coker(f,, )| are uniformly bounded for all n and m.

We need some basically trivial lemmas on systems and double systems.

Basic Lemma 5.1. (a) If A and B are Z-modules, f € Hom(A4, B), a €
End(A), and B € End(B) with fo = Bf, then one has for the maps f': a(A) —
B(B) and f"': Coker(a) — Coker(B), induced by f, the inequalities

| Ker(f')] < |Ker(f)], | Coker(f")| < | Coker(f)|,
| Ker(f")| < |Ker(f)| - | Coker(f)|,  |Coker(f")| < |Coker(f)|.
(b) Under the same hypotheses on A, B, «, B as in (a), one has for the
map f*: Ker(a) — Ker(B) the inequalities
| Ker(f™)|, | Coker(f™)| < |Ker(f)| - | Coker(f)|.
Proof. (a) is well known (see [15, §3, Lemma 2] or [27, p. 283]). Part (b) is a
consequence of (a) using the Snake Lemma. O

Lemma 5.2. If f.: X, — Y. is a quasi-isomorphism of systems, and if o.: X, —
X, and B.: Y. — Y. are endomorphisms of systems of f.a. = B.f., then the
induced map of systems f": Ker(a.) — Ker(B.) is also a QL.

Proof. The proof follows from 5.1(b). O

Lemma 5.3. If f.: X. — Y. is a quasi-isomorphism of projective systems with
p"X, =0, p"Y =0 forall n, then the induced maps

fom: Ker(X, — X)/p"X, — Ker(Y, —Y)/p"Y, — (m=>n)
form a quasi-isomorphism of double systems.
Proof. Routine, using 5.1 and again the Snake Lemma. O

Lemma 54. Let f: D — E be a quasi-isomorphism of A-modules such that
D/v, ,D and E/”n,eE are finite for all n > e. (The meaning of A, Vy o
and “quasi-isomorphism of A-modules” was explained in §4.) Then the induced
maps f,: D/VM,D —E/ v, JE area quasi-isomorphism of systems.

Proof. Apply 5.1(a) with A = D, B = E, and «, f given by multiplication
with v, . O

e
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We used twice in §4 a property of the system T,(Pic(S,))’G‘ which we now

prove. Recall from algebraic number theory: For any, say Galois, extension
L/K of algebraic number fields, there is (besides the norm N, /K L* - K")
also a norm from the ideal group of L to that of K, which also induces a norm
map of ideal class groups and p-ideal class groups. All these norm will be written
N, /K In our situation, Pic(S,) is just the p-class group of K, (= Quot(S,)),
hence we have norm maps Pic(S,,) — Pic(S,) for m > n. On the other hand,
since Gal(-, -) is a bifunctor, the canonical surjection c: Cpm — Cpn (m > n)
induces a homomorphism Gal(c): Gal(R, C,n) — Gal(R, Cpn).

Lemma 5.5. Let K be a number field and R = ﬁK[p"]] as always. Let m,
be the map from Kummer theory (1, §2): Gal(R, C,.) — Pic(S,). Then the

following diagram commutes if [K,_ ,:K 1=p, ie, for n>¢gg:

Gal(R, Cp"“) A’ PiC(SnH)

cl lNKrH-I/Kn

m, .
Gal(R, Cp") —— Pic(S,)
Remark. For 0 < n < ¢ the lemma does not hold, for n = 0 it holds.

Proof. First recall that originally 7, depended on a choice of generator g, of
Cpn and a choice of primitive p”"th rot of 1, Cpn ; but in §4 these choices have
been made once and for all, and consistently, i.e., ,,, = g, and ({,m)" = .

Let A be the kernel of G,,, — G, .

For 4 a C,..-extension of R, let A=S8,08,4. Let t=0",s0

T generates Ker(Cpm — Cpn). Then A4, the fixed subring of 7, represents
Gal(c)(4) , the image of [4] in Gal(R, C,.). Similarly, Gal(c)(4) = 4;. We
also need A'r' =§,®gA, . Altogether we have the following algebras and Galois
groups:

~

A A
(1)U U
A, c 4] c 4]
U U U
R GC Sn % Sn+l

By definition, abbreviating Cpn to { and Cpm to 7, we have
— —_ I(an+l—rl) 3 1
7, (4) = class of (P = 4 ) in Pic(S, ),
7, (A,) = class of (P, = 4" %) in Pic(S,).

By flatness of S, , over S, we get that

S, ®s = Alr(o"”_o = A8
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e — C 18 already fixed by afl’ll =1. Let A =

Aut(K, ,/K,) operate on A = S,.14 via S, . For 6 €A, one easily checks

since anything fixed by o

§(P) = A" =0,
Hence with v =3 ;.6

PV — HAI(U"H—.J(”))

s€A
= A=) z=[]8(n) =n" (by Kummer theory)
sea
= 4O (smce Y #(6) =1+ (1+p")+--+(1+(p-1)p"
sea
=pmodp™' (pis not 2!))
= Sn+lP0 by the above calculation.

On the other hand, if we write P = xI, x € P, I afractional ideal of S,
we get

+10

P'=x"-T[o()

seh
=x". Ng .k (I)+S,,, by definition of the ideal norm.
Hence S,,, - P, =x"-N(I)-S,,, (omitting subscripts) and x" is already in

K, ,so N(I) agrees with the fractional S, -ideal Pyx™", and we are done. O

Note added in proof. The descent technique of §I.2 actually goes back to H. Miki
in the field case. See H. Miki, On Z,-extensions of complete p-adic power series
fields and function fields, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 21 (1974),
377-393.
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